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1 Base Model Results

Proof of Proposition 1.

Note that because each firm in an industry makes a unique product and has an individual type ϕ, we
can refer to each firm in an industry based on either its product or its productivity (Melitz 2003).

1.1 Consumer Demand

Since we begin with consumer demand, we refer here to a firm in industry j by its unique product, v.

Recall that:

U =

1−
∑
j=1

wj

 log v0 +
∑
j=1

wj logQj where: Qj ≡

 ˆ
v∈Vj

qj (v)
σ−1
σ dv


σ
σ−1

If the price of a variety v in industry j is pj (v) and the quantity consumed is qj (v), then the budget
constraint is: ∑

j=0

ˆ

v∈Vj

pj (v) qj (v) dv ≤ R

where R is the aggregate revenue.

The Lagrangian is:

L =

1−
∑
j=1

wj

 log v0 +
∑
j=1

wj logQj + λ

R−∑
j=0

ˆ

v∈Vj

pj (v) qj (v) dv


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Then constrained optimization for industry j ∈ {1, . . . , J} and product v′ yields:

∂L
∂qj (v′)

=
wj
Qj

(
σ

σ − 1

) ˆ
v∈Vj

qj (v)
σ−1
σ dv


σ
σ−1−1(

σ − 1

σ

)
qj (v′)

σ−1
σ −1 − λpj (v′)

= wj

 ˆ
v∈Vj

qj (v)
σ−1
σ dv


−1

qj (v′)
− 1
σ − λpj (v′)

∂L
∂λ

= R−
∑
j=0

ˆ

v∈Vj

pj (v) qj (v) dv

λ ≥ 0

λ
∂L
∂λ

= λ

R−∑
j=0

ˆ

v∈Vj

pj (v) qj (v) dv

 = 0

Note that if λ = 0, then ∂L
∂qj(v′)

> 0 for all levels of consumption. So it must be true that λ > 0 and

R−
∑
j=0

´
v∈Vj pj (v) qj (v) dv = 0. (That is, the budget constraint is binding.)

Additionally, note that for any industry j and for any goods v, v′ ∈ Vj , ∂L
∂qj(v) = ∂L

∂qj(v′)
= 0 iff:

λ = wj

 ˆ
v∈Vj

qj (v)
σ−1
σ dv


−1

qj (v)
− 1
σ pj (v)

−1
= wj

 ˆ
v∈Vj

qj (v)
σ−1
σ dv


−1

qj (v′)
− 1
σ pj (v′)

−1

⇔ qj (v)
− 1
σ = qj (v′)

− 1
σ pj (v′)

−1
pj (v)

⇔ qj (v)
σ−1
σ = qj (v′)

σ−1
σ pj (v′)

σ−1
pj (v)

1−σ

⇔
ˆ

v∈Vj

qj (v)
σ−1
σ dv = qj (v′)

σ−1
σ pj (v′)

σ−1
ˆ

v∈Vj

pj (v)
1−σ

dv

⇔ qj (v′)
σ−1
σ = pj (v′)

1−σ
ˆ

v∈Vj

qj (v)
σ−1
σ dv

 ˆ
v∈Vj

pj (v)
1−σ

dv


−1

⇔ qj (v′) = pj (v′)
−σ

QjP
σ
j where: Pj ≡

 ˆ
v∈Vj

pj (v)
1−σ

dv


1

1−σ

So the demand function for any variety v in any industry j is:

qj (v) = pj (v)
−σ

QjP
σ
j

where:

Qj ≡

 ˆ
v∈Vj

qj (v)
σ−1
σ dv


σ
σ−1

and Pj ≡

 ˆ
v∈Vj

pj (v)
1−σ

dv


1

1−σ

1.2 Production

Because each firm produces a unique good, we can refer to each good by the productivity of the firm
that produces it. That is, if a firm of type ϕ′ produces good v′, we can use the terms p (v′) and p (ϕ′)
interchangeably.
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We now consider the production decisions by firms. Since these decisions are driven by productivity
levels, we accordingly use ϕ as our relevant parameter, rather than v.

Let the wage be 1, which represents one unit of the numeraire good, which is the unique good produced
in industry j = 0. To simplify notation, we suppress industry notation. To make an output of q units,
a domestic firm must use labor, q

ϕ , where ϕ is the firm’s productivity. Let c denote the fixed per period

cost of production (in terms of labor). By using the demand function from above (and suppressing the
industry notation), we can see that the per period profit from production by domestic firms is:

πd (ϕ) = pd (ϕ) qd (ϕ)−
[
qd (ϕ)

ϕ
+ c

]
= pd (ϕ)

1−σ
QPσ −

[
pd (ϕ)

−σ
QPσ

ϕ
+ c

]

Profit maximization by domestic firms yields:

∂πd (ϕ)

∂pd
= (1− σ) pd (ϕ)

−σ
QPσ + σ

[
pd (ϕ)

−σ−1
QPσ

ϕ

]
= 0

⇔ pd (ϕ) =
ρ

ϕ
where: ρ =

σ

σ − 1

This yields revenue:

rd (ϕ) =

(
ϕ

ρ

)σ−1

QPσ

and profit:

πd (ϕ) =

(
ϕ

ρ

)σ−1

QPσ −


(
ϕ
ρ

)σ
QPσ

ϕ
+ c


=

(
ϕ

ρ

)σ−1

QPσ
(

1− 1

ρ

)
− c =

rd (ϕ)

σ
− c

To make an output of q units, a foreign firm must use labor, q(1+τ)
ϕ , where ϕ is the firm’s productivity

and τ is the government taking rate. Let c denote the fixed per period cost of production (in terms of
labor). By using the demand function from above (and suppressing the industry notation), we can see
that the per period profit from production by foreign firms is:

πf (ϕ) = pf (ϕ) qf (ϕ)−
[
qf (ϕ) (1 + τ)

ϕ
+ c

]
= pf (ϕ)

1−σ
QPσ −

[
pf (ϕ)

−σ
QPσ (1 + τ)

ϕ
+ c

]

Profit maximization by foreign firms yields:

∂πf (ϕ)

∂pf
= (1− σ) pf (ϕ)

−σ
QPσ + σ

[
pf (ϕ)

−σ−1
QPσ (1 + τ)

ϕ

]
= 0

⇔ pf (ϕ) =
ρ (1 + τ)

ϕ
where: ρ =

σ

σ − 1

This yields revenue:

rf (ϕ) =

[
ϕ

ρ (1 + τ)

]σ−1

QPσ

and profit:

πf (ϕ) =

[
ϕ

ρ (1 + τ)

]σ−1

QPσ −


[

ϕ
ρ(1+τ)

]σ
QPσ (1 + τ)

ϕ
+ c


=

[
ϕ

ρ (1 + τ)

]σ−1

QPσ
(

1− 1

ρ

)
− c =

rf (ϕ)

σ
− c
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***

Therefore, conditional on being in the market, optimal production by domestic firms in industry j yields:

p∗dj (ϕ) =
ρ

ϕ
and q∗dj (ϕ) =

(
ϕ

ρ

)σ
QjP

σ
j and r∗dj (ϕ) =

(
ϕ

ρ

)σ−1

QjP
σ
j

This yields domestic firm profit in industry j:

π∗dj (ϕ) = φdjϕ
σ−1 − c where: φdj ≡

QjP
σ
j

σρσ−1

And optimal production by foreign firms in industry j yields:

p∗fj (ϕ) =
ρ (1 + τj)

ϕ
and q∗fj (ϕ) =

[
ϕ

ρ (1 + τj)

]σ
QjP

σ
j and r∗fj (ϕ) =

[
ϕ

ρ (1 + τj)

]σ−1

QjP
σ
j

This yields foreign firm profit in industry j:

π∗fj (ϕ) = φfjϕ
σ−1 − c where: φfj ≡

QjP
σ
j

σρσ−1 (1 + τj)
σ−1

1.3 Firm Entry and Exit

We now return to suppressing industry subscripts to simplify notation. First, note the following properties
of the profit functions for i ∈ {d, f}:

lim
ϕ→0

π∗i (ϕ) = −c < 0 and lim
ϕ→∞

π∗i (ϕ) =∞ > 0

and
∂π∗i (ϕ)

∂ϕ
= (σ − 1)φiϕ

σ−2 > 0

So each function π∗i (ϕ) is partially invertible: for any y > −c, there exists a unique ϕy ∈ (0,∞) such
that π∗i (ϕy) = y.

Define: Ψi ≡ V ini −V outi . Assume for the moment that Ψi <
µiκi+c

δ . Then: −c < µiκi− δΨi < κi− δΨi.

A firm that is already in the market has incentive to stay in the market (rather than exit) iff:

µiκi + δV outi ≤ π∗i (ϕ) + δV ini ⇔ µiκi − δΨi ≤ π∗i (ϕ)

Define: xi ≡ π∗−1
i (µiκi − δΨi). This is the type of firm that is in the market and indifferent about

whether to remain.

A firm that is not already in the market has incentive to enter the market iff:

δV outi ≤ π∗i (ϕ)− κi + δV ini ⇔ κi − δΨi ≤ π∗i (ϕ)

Define: yi ≡ π∗−1
i (κi − δΨi). This is the type of firm that is out of the market and indifferent about

whether to enter.

Because π∗i (ϕ) is an increasing function and µiκi − δΨi < κi − δΨi, it must be true that: xi < yi.

1.4 Weighted Average Productivity

To simplify calculations, define the weighted average productivity of firms as:

ϕ̃x = ϕ̃ (x) ≡

 1

1−G (x)

∞̂

x

ϕσ−1dG (ϕ)

 1
σ−1

⇔ ϕ̃σ−1
x [1−G (x)] =

∞̂

x

ϕσ−1dG (ϕ)
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Note that this implies that the weighted average profitability of firms, given cutpoint xi, is:

∞̂

xi

π∗i (ϕ) dG (ϕ) =

∞̂

xi

(
φiϕ

σ−1 − c
)
dG (ϕ) = φi

∞̂

xi

ϕσ−1dG (ϕ)− c [1−G (xi)]

= φiϕ̃
σ−1
xi [1−G (xi)]− c [1−G(xi)] =

(
φiϕ̃

σ−1
xi − c

)
[1−G(xi)]

= π∗i (ϕ̃xi) [1−G(xi)]

1.5 Continuation Values and Free Entry

We continue to suppress industry subscripts to simplify notation.

The continuation value for a firm is its expected utility prior to learning its type, ϕ, in a given period.

For i ∈ {d, f}, the continuation value for a firm that is already in the market is:

V ini =

xiˆ

0

(
µiκi + δV outi

)
dG (ϕ) +

∞̂

xi

[
π∗i (ϕ) + δV ini

]
dG (ϕ)

=
(
µiκi + δV outi

)
G (xi) + δV ini [1−G (xi)] +

∞̂

xi

π∗i (ϕ) dG (ϕ)

=
(µiκi + δV outi )G (xi) + π∗ (ϕ̃xi) [1−G (xi)]

1− δ [1−G (xi)]

For i ∈ {d, f}, the continuation value for a firm that is not already in the market is:

V outi =

yiˆ

0

δV outi dG (ϕ) +

∞̂

yi

[
π∗i (ϕ)− κi + δV ini

]
dG (ϕ)

= δV outi G (yi) +
(
δV ini − κi

)
[1−G (yi)] +

∞̂

yi

π∗i (ϕ) dG (ϕ)

=

[
δV ini − κi + π∗i (ϕ̃yi)

]
[1−G (yi)]

1− δG (yi)

Isolating the continuation values and performing substitutions yields the following:

V ini =
γini κi + [1−G (xi)] [1− δG (yi)]π

∗ (ϕ̃xi) + δG (xi) [1−G (yi)]π
∗
i (ϕ̃yi)

θi
(1)

V outi =
γouti κi + δ [1−G (xi)] [1−G (yi)]π

∗ (ϕ̃xi) + [1− δ + δG (xi)] [1−G (yi)]π
∗
i (ϕ̃yi)

θi
(2)

where:

θi ≡ (1− δ) [1 + δG (xi)− δG (yi)]

γini ≡ G (xi) {µi [1− δG (yi)]− δ [1−G (yi)]}
γouti ≡ {δµiG (xi)− [1− δ + δG (xi)]} [1−G (yi)]

Recall that βinij is the informational cost for an (ij)-firm that is currently “in” the market to learn its
type in the given period, and βoutij is the informational cost for an (ij)-firm that is currently “out” of
the market to learn its type in the given period. Free entry requires that for every i ∈ {d, f} and every
industry j: V inij = βinij and V outij = βoutij .1

1This is equivalent to the free entry condition condition in equation (11) of ?, as our continuation values take into
account uncertainty about movement both in and out of the market over time.
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So it must be true that Ψij = βinij − βoutij for i ∈ {d, f} and every j.

A necessary condition for our equilibrium is therefore that βinij − βoutij <
µijκij+c

δ .

1.6 Zero Profit Conditions

We continue to suppress industry subscripts to simplify notation.

Because “in” firms are indifferent about whether to exit at cutpoint xi, and “out” firms are indifferent
about whether to enter at cutpoint yi, we have four zero profit conditions for each industry:

π∗i (xi) = µiκi − δΨi

π∗i (yi) = κi − δΨi for: i ∈ {d, f}

Define αi ≡ c− δΨi. The zero profit conditions imply that for i ∈ {d, f}:

r∗i (xi) = σ (µiκi + αi)

r∗i (yi) = σ (κi + αi)

Note that:

r∗d (xd)

r∗d (yd)
=

(
xd
ρ

)σ−1

QPσ(
yd
ρ

)σ−1

QPσ
=

(
xd
yd

)σ−1

=
σ (µdκd + αd)

σ (κd + αd)
⇔ yd = xd

(
κd + αd
µdκd + αd

) 1
σ−1

And:

r∗d (xd)

r∗f (xf )
=

(
xd
ρ

)σ−1

QPσ[
xf

ρ(1+τ)

]σ−1

QPσ
=

[
xd (1 + τ)

xf

]σ−1

=
σ (µdκd + αd)

σ (µfκf + αf )
⇔ xf = xd (1 + τ)

(
µfκf + αf
µdκd + αd

) 1
σ−1

And:

r∗d (xd)

r∗f (yf )
=

(
xd
ρ

)σ−1

QPσ[
yf

ρ(1+τ)

]σ−1

QPσ
=

[
xd (1 + τ)

yf

]σ−1

=
σ (µdκd + αd)

σ (κf + αf )
⇔ yf = xd (1 + τ)

(
κf + αf
µdκd + αd

) 1
σ−1

So for each industry j = 1, . . . , J , the cutpoints (ydj , xfj , yfj) can all be expressed in terms of variable
xdj :

ydj (xdj) = η1jxdj where: η1j ≡
(

κdj + αdj
µdjκdj + αdj

) 1
σ−1

xfj (xdj) = η2j (1 + τj)xdj where: η2j ≡
(
µfjκfj + αfj
µdjκdj + αdj

) 1
σ−1

yfj (xdj) = η3j (1 + τj)xdj where: η3j ≡
(

κfj + αfj
µdjκdj + αdj

) 1
σ−1

1.7 Firm Masses

For i ∈ {d, f} and j = 1, . . . , J , the total mass of (ij)-firms is:

Mij = M in
ij +Mout

ij

Stationarity requires the following:

M in
ij = [1−G (xij)]M

in
ij + [1−G (yij)]M

out
ij ⇔ M in

ij =

[
1−G (yij)

G (xij)

]
Mout
ij
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1.8 Labor Market Clearing

We continue to suppress industry subscripts to simplify notation. Note that the distribution of new
producers (firms that were “out”, but then entered) differs from the distribution of old producers (firms
that were “in” and then stayed). Namely:

holdi =

{
g(ϕ)

1−G(xi)
if xi ≤ ϕ

0 if ϕ < xi
and hnewi =

{
g(ϕ)

1−G(yi)
if yi ≤ ϕ

0 if ϕ < yi

Aggregate profit for i firms in a specific period t is:

Πt
i = [1−G (xi)]M

in
i︸ ︷︷ ︸

mass of old firms (that stay)

∞̂

xi

π∗i (ϕ)holdi (ϕ) dϕ

︸ ︷︷ ︸
old firm profits

+ [1−G (yi)]M
out
i︸ ︷︷ ︸

mass of new firms

∞̂

yi

π∗i (ϕ)hnewi (ϕ) dϕ

︸ ︷︷ ︸
new firm profits

= M in
i

∞̂

xi

π∗i (ϕ) dG (ϕ) +Mout
i

∞̂

yi

π∗i (ϕ) dG (ϕ)

= M in
i π
∗
i (ϕ̃xi) [1−G (xi)] +Mout

i π∗i (ϕ̃yi) [1−G (yi)]

The present value of aggregate profit for i firms over time is therefore:

Πi = M in
i π
∗
i (ϕ̃xi) [1−G (xi)] +Mout

i π∗i (ϕ̃yi) [1−G (yi)] + δM in
i V

in
i + δMout

i V outi (3)

Recall that given the free entry conditions and the definition of continuation values in equations (1) and
(2):

βini = V ini =
γini κi + [1−G (xi)] [1− δG (yi)]π

∗ (ϕ̃xi) + δG (xi) [1−G (yi)]π
∗
i (ϕ̃yi)

θi

βouti = V outi =
γouti κi + δ [1−G (xi)] [1−G (yi)]π

∗ (ϕ̃xi) + [1− δ + δG (xi)] [1−G (yi)]π
∗
i (ϕ̃yi)

θi

By manipulating these conditions, we can first isolate π∗ (ϕ̃xi) and π∗ (ϕ̃yi), and then use substitutions
to show that:

π∗ (ϕ̃xi) [1−G (xi)] = [1− δ + δG (xi)]β
in
i − δG (xi)β

out
i −G (xi)µiκi

π∗i (ϕ̃yi) [1−G (yi)] = [1− δG (yi)]β
out
i − δ [1−G (yi)]β

in
i + [1−G (yi)]κi

Substitution of these terms and the free entry conditions into equation (3) yields:

Πi = M in
i

{
[1− δ + δG (xi)]β

in
i − δG (xi)β

out
i −G (xi)µiκi

}
+Mout

i

{
[1− δG (yi)]β

out
i − δ [1−G (yi)]β

in
i + [1−G (yi)]κi

}
+ δM in

i β
in
i + δMout

i βouti

=
{
M in
i [1 + δG (xi)]−Mout

i δ [1−G (yi)]
}
βini

+
{
Mout
i [1 + δ − δG (yi)]−M in

i δG (xi)
}
βouti + [1−G (yi)]M

out
i κi −G (xi)M

in
i µiκi

Recall from above that stationarity requires that: M in
i =

[
1−G(yi)
G(xi)

]
Mout
i . This is turn implies that:

Mout
i =

[
G(xi)

1−G(yi)

]
M in
i . So:

Πi = M in
i β

in
i +Mout

i βouti︸ ︷︷ ︸
Lti

+ [1−G (yi)]M
out
i κi︸ ︷︷ ︸

Lsi

−G (xi)M
in
i µiκi︸ ︷︷ ︸

Lri

where:

• Lti is labor spent on learning each firm’s type
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• Lsi is labor that “out” firms spend on setting up new production when they enter the market

• Lri is labor that is recovered when “in” firms decide to exit the market

Total revenue by i firms is the total profits, plus the total production costs, Lpi. Then for i ∈ {d, f}:
Ri = Πi + Lpi = Lpi + Lti + Lsi − Lri = Li

***

We now reintroduce the industry subscript to focus on labor allocation at the industry-level.

Note that for each industry j: Rj = Rdj +Rfj = Ldj + Lfj = Lj .

Also, given the equilibrium demand function, the revenue generate in industry j (across all types of
firms) is:

Rj =

ˆ

v∈Vj

pj (v) qj (v) dv =

ˆ

v∈Vj

pj (v)
1−σ

QjP
σ
j dv

= QjP
σ
j

ˆ

v∈Vj

pj (v)
1−σ

dv = QjP
σ
j P

1−σ
j = PjQj

So by going back to our original Lagrangian, we can see that:

L =

1−
∑
j=1

wj

 log v0 +
∑
j=1

wj logQj + λ

R−∑
j=0

PjQj


Then for j ∈ {1, . . . , J}, the first-order condition at the industry-level becomes:

∂L
∂Qj

=
wj
Qj
− λPj = 0 ⇔ λ =

wj
PjQj

And:

1 =
∑
j=0

wj = λ
∑
j=0

PjQj = λ
∑
j=0

Rj = λR = λL ⇔ λ =
1

L

So:
∂L
∂Qj

=
wj
Qj
− Pj

L
= 0 ⇔ Lwj = PjQj = Rj = Lj

So the labor market across all industries clears.

1.9 Equilibrium Characterization under the Pareto Distribution

Suppose that types are chosen according to the Pareto distribution, iid over time and players, with
domain ϕ ∼ [b,∞) for small b > 0 and shape parameter a > σ. The Pareto distribution has the following
attributes:

Density function: g (ϕ) =
aba

ϕa+1
for: ϕ ≥ b

Distribution function: G (y) = Pr (ϕ ≤ y) = 1−
(
b

y

)a
for: y ≥ b

Define z ≡ a− σ + 1. Note that under the Pareto distribution, for x ≥ b:
∞̂

x

ϕσ−1dG (ϕ) =

∞̂

x

ϕσ−1

(
aba

ϕa+1

)
dϕ = aba

∞̂

x

ϕσ−a−2dϕ

= aba lim
t→∞

tˆ

x

ϕσ−a−2dϕ = aba lim
t→∞

[
ϕσ−a−1

σ − a− 1

]t
x

= −ab
a

z
lim
t→∞

[
1

tz
− 1

xz

]

=
aba

z

(
1

xz

)
=
aba

z
x−z
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Recall that for each industry j = 1, . . . , J , each set of cutpoints for equilibrium behavior can be expressed
in terms of the cutpoint xdj . Equilibrium behavior in industry j is therefore defined by the function:

π∗dj (xdj) = φdjx
σ−1
dj − c = µdjκdj − δΨdj

where:

φdj =
QjP

σ
j

σρσ−1
=
RjP

σ−1
j

σρσ−1
=
LwjP

σ−1
j

σρσ−1

The equilibrium price index is:

Pj (xdj) = ρ

 ∞̂
xdj

ϕσ−1dG (ϕ) +

∞̂

η1jxdj

ϕσ−1dG (ϕ)

+ (1 + τj)
1−σ

 ∞̂

η2j(1+τj)xdj

ϕσ−1dG (ϕ) +

∞̂

η3j(1+τj)xdj

ϕσ−1dG (ϕ)




1
1−σ

= ρ

{
aba

z
x−zdj +

aba

z
(η1jxdj)

−z
+ (1 + τj)

1−σ
[
aba

z
(η2j (1 + τj)xdj)

−z
+
aba

z
(η3j (1 + τj)xdj)

−z
]} 1

1−σ

= ρ

(
zxzdj
abaΦj

) 1
σ−1

where: Φj ≡ 1 + η−z1j + (1 + τj)
−a (

η−z2j + η−z3j

)
And:

Pj (xdj)
σ−1

=
ρσ−1zxzdj
abaΦj

So the best response function is:

π∗dj (xdj) =

(
LwjP

σ−1
j

σρσ−1

)
xσ−1
dj − c = µdjκdj − δΨdj

⇔
(
Lwj
σρσ−1

)(
ρσ−1zxzdj
abaΦj

)
xσ−1
dj = µdjκdj + αdj

⇔ xadj =

(
abaσ

zLwj

)
(µdjκdj + αdj) Φj

⇔ x∗dj = ψjΦ
1
a
j where: ψj ≡

[
abaσ

zLwj
(µdjκdj + αdj)

] 1
a

QED.

Proof of Proposition 2.

The average weighted productivity of (ij)-firms in any given period is:

ϕ̃ij =

 1

1−G (xij) + 1−G (yij)

 ∞̂
xij

ϕσ−1g (ϕ) dϕ+

∞̂

yij

ϕσ−1g (ϕ) dϕ




1
σ−1

Under the Pareto distribution:

ϕ̃ij =

 1(
b
xij

)a
+
(

b
yij

)a [abaz x−zij +
aba

z
y−zij

]
1

σ−1

=

[
a
(
x−zij + y−zij

)
z
(
x−aij + y−aij

)] 1
σ−1

9



We now suppress the industry subscript to simplify notation. For foreign firms:

ϕ̃f =

a
(
x−zf + y−zf

)
z
(
x−af + y−af

)


1
σ−1

=

a
(

[η2 (1 + τ)xd]
−z

+ [η3 (1 + τ)xd]
−z
)

z
(

[η2 (1 + τ)xd]
−a

+ [η3 (1 + τ)xd]
−a
)


1
σ−1

=

[
a
(
η−z2 + η−z3

)
(1 + τ)

−z
x−zd

z
(
η−a2 + η−a3

)
(1 + τ)

−a
x−ad

] 1
σ−1

=

[
a
(
η−z2 + η−z3

)
(1 + τ)

σ−1
xσ−1
d

z
(
η−a2 + η−a3

) ] 1
σ−1

= ν (1 + τ)xdH where: ν ≡
(a
z

) 1
σ−1

and H ≡
(
η−z2 + η−z3

η−a2 + η−a3

) 1
σ−1

∂ϕ̃f
∂τ

= νH

[
(1 + τ)

∂xd
∂τ

+ xd

]
=
νHxd
aΦ

[
(1 + τ)

∂Φ

∂τ
+ aΦ

]
=

νHxd
Φ

[
Φ− (1 + τ)

−a (
η−z2 + η−z3

)]
=
ν
(
1 + η−z1

)
Hxd

Φ
> 0

For domestic firms:

ϕ̃d =

[
a
(
x−zd + y−zd

)
z
(
x−ad + y−ad

)] 1
σ−1

=

a
(
x−zd + (η1xd)

−z
)

z
(
x−ad + (η1xd)

−a
)


1
σ−1

=

[
a
(
1 + η−z1

)
x−zd

z
(
1 + η−a1

)
x−ad

] 1
σ−1

=

[
a
(
1 + η−z1

)
xσ−1
d

z
(
1 + η−a1

) ] 1
σ−1

=

[
a
(
1 + η−z1

)
z
(
1 + η−a1

)] 1
σ−1

xd

∂ϕ̃d
∂τ

=

[
a
(
1 + η−z1

)
z
(
1 + η−a1

)] 1
σ−1

∂xd
∂τ

< 0

QED.

Proof of Proposition 3.

Firm-level production by foreign firms in industry j is:

qfj (ϕ) =

[
ϕ

ρ (1 + τj)

]σ
QjP

σ
j

10



So aggregate production by foreign firms in industry j is:

Qfj (τj) =

∞̂

xfj

qfj (ϕ) g(ϕ)dϕ+

∞̂

yfj

qfj (ϕ) g(ϕ)dϕ

=
QjP

σ
j

ρσ (1 + τj)
σ

 ∞̂
xfj

ϕσg (ϕ) dϕ+

∞̂

yfj

ϕσg (ϕ) dϕ


=

abaRjP
σ−1
j

(z − 1)ρσ (1 + τj)
σ

(
x1−z
fj + y1−z

fj

)
=

abaLwj
(z − 1)ρσ (1 + τj)

σ

(
ρσ−1zxzdj
abaΦj

){
[η2j (1 + τj)xdj ]

1−z
+ [η3j (1 + τj)xdj ]

1−z
}

=
zLwj

(z − 1)ρ (1 + τj)
σ

(
xzdj
Φj

)(
η1−z

2j + η1−z
3j

)
(1 + τj)

1−z
x1−z
dj

=
zLwj

(
η1−z

2j + η1−z
3j

)
xdj

(z − 1)ρ (1 + τj)
a

Φj
=
zLwj

(
η1−z

2j + η1−z
3j

)
ψjΦ

1−a
a

j

(z − 1)ρ (1 + τj)
a

Note that:

∂Qfj (τj)

∂τj
=

zLwj
(
η1−z

2j + η1−z
3j

)
ψj

(z − 1) ρ

 (1 + τj)
a ( 1−a

a

)
Φ

1−2a
a

j

(
∂Φj
∂τj

)
− aΦ

1−a
a

j (1 + τj)
a−1

(1 + τj)
2a


=

zLwj
(
η1−z

2j + η1−z
3j

)
ψj

(z − 1) ρ

 (1 + τj)
a ( 1−a

a

)
Φ

1−2a
a

j

(
−a (1 + τj)

−a−1 (
η−z2j + η−z3j

))
− aΦ

1−a
a

j (1 + τj)
a−1

(1 + τj)
2a


=
−zLwj

(
η1−z

2j + η1−z
3j

)
ψjΦ

1−2a
a

j

(z − 1) ρ

[
aΦj (1 + τj)

a − (a− 1)
(
η−z2j + η−z3j

)
(1 + τj)

2a+1

]

=
−zLwj

(
η1−z

2j + η1−z
3j

)
xdj

(z − 1) ρΦ2
j

a
[
1 + η−z1j + (1 + τj)

−a (
η−z2j + η−z3j

)]
(1 + τj)

a − (a− 1)
(
η−z2j + η−z3j

)
(1 + τj)

2a+1


=
−zLwj

(
η1−z

2j + η1−z
3j

)
xdj

(z − 1) ρΦ2
j

[
a (1 + τj)

a (
1 + η−z1j

)
+
(
η−z2j + η−z3j

)
(1 + τj)

2a+1

]

The government’s objective function is:

W =

J∑
j=0

τjQfj (τj)

11



The first order condition for takings on industry j = 1, . . . , J is thus:

∂W

∂τj
= τj

∂Qfj (τj)

∂τj
+Qfj (τj)

=
−τjzLwj

(
η1−z

2j + η1−z
3j

)
xdj

(z − 1) ρΦ2
j

[
a (1 + τj)

a (
1 + η−z1j

)
+
(
η−z2j + η−z3j

)
(1 + τj)

2a+1

]
+
zLwj

(
η1−z

2j + η1−z
3j

)
xdj

(z − 1) ρ (1 + τj)
a

Φj

=
zLwj

(
η1−z

2j + η1−z
3j

)
xdj

(z − 1) ρ (1 + τj)
2a+1

Φ2
j

{
(1 + τj)

a+1
Φj − τj

[
a (1 + τj)

a (
1 + η−z1j

)
+
(
η−z2j + η−z3j

)]}
=

zLwj
(
η1−z

2j + η1−z
3j

)
xdj

(z − 1) ρ (1 + τj)
2a+1

Φ2
j

{
(1 + τj)

a+1
[
1 + η−z1j + (1 + τj)

−a (
η−z2j + η−z3j

)]
−τj

[
a (1 + τj)

a (
1 + η−z1j

)
+
(
η−z2j + η−z3j

)]}
=

zLwj
(
η1−z

2j + η1−z
3j

)
xdj

(z − 1) ρ (1 + τj)
a+1

Φ2
j

[
(1 + τj − aτj)

(
1 + η−z1j

)
+ (1 + τj)

−a (
η−z2j + η−z3j

)]
Note that:

∂W

∂τj
≥ 0⇔ 0 ≤ (1 + τj − aτj)

(
1 + η−z1j

)
+ (1 + τj)

−a (
η−z2j + η−z3j

)
≡ Γ (τj)

Additionally, note that:
Γ (τj = 0) = 1 + η−z1j + η−z2j + η−z3j > 0

∂Γ (τj)

∂τj
= − (a− 1)

(
1 + η−z1j

)
− a (1 + τj)

−a−1 (
η−z2j + η−z3j

)
< 0

lim
τj→∞

Γ (τj) = lim
τj→∞

{
[1− τj (a− 1)]

(
1 + η−z1

)
+
η−z2 + η−z3

(1 + τj)
a

}
= −∞ < 0

So by the intermediate value theorem, there is a unique optimal takings rate. Furthermore:

∂U

∂τj
= 0⇔ Γ (τj) = 0

So the political equilibrium for a given industry is characterized by the implicitly defined variable τ∗j ,
where τ∗j solves:

Γj
(
τ∗j
)

=
(
1 + τ∗j − τ∗j a

) (
1 + η−z1j

)
+
(
1 + τ∗j

)−a (
η−z2j + η−z3j

)
= 0

This solution in turn determines the equilibrium cutpoints,
(
x∗dj , y

∗
dj , x

∗
fj , y

∗
fj

)
.

QED.

Proof of Proposition 4.

Recall from the Proof of Proposition 3 that the equilibrium taking rate for industry j = 1, . . . , J , τj ,
solves:

Γj
(
τ∗j
)

=
(
1 + τ∗j − τ∗j a

) (
1 + η−z1j

)
+
(
1 + τ∗j

)−a (
η−z2j + η−z3j

)
= 0

So by the implicit function theorem, for any exogenous variable yj :

∂τ∗j
∂yj

=
−Γyj
Γτ∗j
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Note that:

∂η2j

∂κfj
=

1

σ − 1

(
µfjκfj + αfj
µdjκdj + αdj

) 1
σ−1−1(

µfj
µdjκdj + αdj

)
=

µfjη2j

(σ − 1) (µfjκfj + αfj)
> 0

∂η3j

∂κfj
=

1

σ − 1

(
κfj + αfj
µdjκdj + αdj

) 1
σ−1−1(

1

µdjκdj + αdj

)
=

η3j

(σ − 1) (κfj + αfj)
> 0

And:

Γτ∗j = −
[
(a− 1)

(
1 + η−z1j

)
+ a

(
1 + τ∗j

)−a−1 (
η−z2j + η−z3j

)]
< 0

Γκf = −z
(
1 + τ∗j

)−a [
η−z−1

2j

(
∂η2j

∂κfj

)
+ η−z−1

3j

(
∂η3j

∂κfj

)]
< 0

So:
∂τ∗j
∂κfj

=
−Γκf
Γτ∗

< 0

QED.

Proof of Proposition 5.

We suppress industry notation. As shown in the Proof for Proposition 2, the average weighted produc-
tivity for foreign firms in any given period is:

ϕ̃f = ν (1 + τ)xdH where: ν ≡
(a
z

) 1
σ−1

and H ≡
(
η−z2 + η−z3

η−a2 + η−a3

) 1
σ−1

Define:

η̂ ≡ η3 = lim
µf→1

η2 =

(
κfj + αfj
µdjκdj + αdj

) 1
σ−1

Define:

φ (−z) ≡
∂
(
η−z2 + η−z3

)
∂κf

= −zη−z−1
2

∂η2

∂κf
− zη−z−1

3

∂η3

∂κf
= −

(
z

σ − 1

)[
µfη

−z
2

µfκf + αf
+

η−z3

κf + αf

]
< 0

⇒ lim
µf→1

φ (−z) = −
z limµf→1

(
η−z2 + η−z3

)
(σ − 1) (κf + αf )

= − 2zη̂−z

(σ − 1) (κf + αf )
< 0

The total effect of foreign start-up costs on ϕf is:

dϕ̃f
dκf

=
∂ϕ̃f
∂κf

+

(
∂ϕ̃f
∂τ∗

)(
∂τ∗

∂κf

)
Note that:

∂x∗d
∂κf

=
ψ

a
(Φ∗)

1
a−1

(
∂Φ∗

∂κf

)
=

x∗dφ(−z)
a (1 + τ∗)

a
Φ∗

∂x∗d
∂τ∗

=
ψ

a
(Φ∗)

1
a−1

(
∂Φ∗

∂τ∗

)
=
−x∗d

(
η−z2 + η−z3

)
(1 + τ∗)

a+1
Φ∗

Then:

∂ϕ̃f
∂κf

= ν (1 + τ∗)

[
x∗d
∂H

∂κf
+
∂x∗d
∂κf

H

]
= ν (1 + τ∗)x∗d

[
∂H

∂κf
+

φ (−z)H
a (1 + τ∗)

a
Φ∗

]
=

νx∗d
a (1 + τ∗)

a−1
Φ∗

[
a (1 + τ∗)

a
Φ∗

∂H

∂κf
+ φ (−z)H

]
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where:

∂H

∂κf
=

1

σ − 1

(
η−z2 + η−z3

η−a2 + η−a3

) 1
σ−1−1

[(
η−a2 + η−a3

)
φ (−z)−

(
η−z2 + η−z3

)
φ (−a)(

η−a2 + η−a3

)2
]

=
H

σ − 1

[(
η−a2 + η−a3

)
φ (−z)−

(
η−z2 + η−z3

)
φ (−a)(

η−a2 + η−a3

) (
η−z2 + η−z3

) ]

And:

∂ϕ̃f
∂τ∗

= νH

[
(1 + τ∗)

∂x∗d
∂τ∗

+ x∗d

]
= νH

[
x∗d −

x∗d
(
η−z2 + η−z3

)
(1 + τ∗)

a
Φ∗

]

=
νHx∗d

(1 + τ∗)
a

Φ∗
[
(1 + τ∗)

a
Φ∗ −

(
η−z2 + η−z3

)]
=
νH

(
1 + η−z1

)
x∗d

Φ∗
> 0

And:
∂τ∗

∂κf
=

−φ (−z)
(1 + τ∗)

a
Γτ∗

< 0

Combining this information to calculate the total effect of foreign startup costs yields:

dϕ̃f
dκf

=
νx∗d

a (1 + τ∗)
a−1

Φ∗

[
a (1 + τ∗)

a
Φ∗

∂H

∂κf
+ φ (−z)H

]
−
νH

(
1 + η−z1

)
φ (−z)x∗d

(1 + τ∗)
a

Γτ∗Φ∗

=
νx∗d

a (1 + τ∗)
a−1

Φ∗

[
a (1 + τ∗)

a
Φ∗

∂H

∂κf
+ φ (−z)H −

aH
(
1 + η−z1

)
φ (−z)

(1 + τ∗) Γτ∗

]

=
νx∗dH

a (1 + τ∗)
a−1

Φ∗

{
a (1 + τ∗)

a
Φ∗

σ − 1

[(
η−a2 + η−a3

)
φ (−z)−

(
η−z2 + η−z3

)
φ (−a)(

η−a2 + η−a3

) (
η−z2 + η−z3

) ]

+φ (−z)−
a
(
1 + η−z1

)
φ (−z)

(1 + τ∗) Γτ∗

}

So 0 <
dϕ̃f
dκf

iff:

0 <
a (1 + τ∗)

a
Φ∗

σ − 1

[(
η−a2 + η−a3

)
φ (−z)−

(
η−z2 + η−z3

)
φ (−a)(

η−a2 + η−a3

) (
η−z2 + η−z3

) ]
+ φ (−z)

[
1−

a
(
1 + η−z1

)
(1 + τ∗) Γτ∗

]
≡M

Recall that η̂ ≡ η3 = limµf→1 η2.

Then:

lim
µf→1

M =
a (1 + τ∗)

a
Φ∗

σ − 1

2η̂−z
[

2aη̂−a

(σ−1)(κf+αf )

]
− 2η̂−a

[
2zη̂−z

(σ−1)(κf+αf )

]
4η̂−a−z


− 2zη̂−z

(σ − 1) (κf + αf )

[
1−

a
(
1 + η−z1

)
(1 + τ∗) Γτ∗

]

=
1

(σ − 1) (κf + αf )

{
a (1 + τ∗)

a
Φ∗ − 2zη̂−z

[
1−

a
(
1 + η−z1

)
(1 + τ∗) Γτ∗

]}

=
1

(σ − 1) (κf + αf )

{
a (1 + τ∗)

a (
1 + η−z1

)
+ 2aη̂−z − 2zη̂−z

[
1−

a
(
1 + η−z1

)
(1 + τ∗) Γτ∗

]}

By the Proof of Proposition 3, in equilibrium:

Γ (τ∗) = 0 ⇔ 1 + η−z1 =
η−z2 + η−z3

(1 + τ∗)
a

(τ∗a− τ∗ − 1)
⇔ (1 + τ∗)

a (
1 + η−z1

)
=

η−z2 + η−z3

τ∗a− τ∗ − 1
(4)
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Using this substitution means that in equilibrium:

lim
µf→1

M =
1

(σ − 1) (κf + αf )

{
a

[
lim
µf→1

η−z2 + η−z3

τ∗a− τ∗ − 1

]
+ 2aη̂−z − 2zη̂−z

[
1−

a
(
1 + η−z1

)
(1 + τ∗) Γτ∗

]}

=
1

(σ − 1) (κf + αf )

{
2aη̂−z

τ∗a− τ∗ − 1
+ 2aη̂−z − 2zη̂−z

[
1−

a
(
1 + η−z1

)
(1 + τ∗) Γτ∗

]}

=
2η̂−z

(σ − 1) (κf + αf )

{
a (a− 1) τ∗

τ∗a− τ∗ − 1
− z

[
1−

a
(
1 + η−z1

)
(1 + τ∗) Γτ∗

]}

If we use the derivation of Γτ∗ from the Proof of Proposition 4 and the information from equation (4),
we can see that in equilibrium:

a
(
1 + η−z1

)
(1 + τ∗) Γτ∗

=
−a
(
1 + η−z1

)
(a− 1) (1 + τ∗)

(
1 + η−z1

)
+

a(η−z2 +η−z3 )
(1+τ∗)a

=
−a
[

η−z2 +η−z3

(1+τ∗)a(τ∗a−τ∗−1)

]
(a− 1) (1 + τ∗)

[
η−z2 +η−z3

(1+τ∗)a(τ∗a−τ∗−1)

]
+

a(η−z2 +η−z3 )
(1+τ∗)a

=
−a

(a− 1) (1 + τ∗) + a (τ∗a− τ∗ − 1)

=
−a

(a+ 1) (a− 1) τ∗ − 1

So:

0 < lim
µf→1

M ⇔ z

[
1−

a
(
1 + η−z1

)
(1 + τ∗) Γτ∗

]
= z (a− 1)

[
(a+ 1) τ∗ + 1

(a+ 1) (a− 1) τ∗ − 1

]
<

a (a− 1) τ∗

τ∗a− τ∗ − 1

Note that by equation (4), in equilibrium:

0 < τ∗a− τ∗ − 1 = (a− 1)τ∗ − 1 < (a+ 1)(a− 1)τ∗ − 1 =
(
a2 − 1

)
τ∗ − 1

So:

0 < lim
µf→1

M ⇔ z [(a+ 1) τ∗ + 1] (τ∗a− τ∗ − 1) < aτ∗
[(
a2 − 1

)
τ∗ − 1

]
⇔ z

{
[(a+ 1) τ∗ + 1] (τ∗a− τ∗ − 1)− τ∗

[(
a2 − 1

)
τ∗ − 1

]}
< (a− z)τ∗

[(
a2 − 1

)
τ∗ − 1

]
⇔ −z (τ∗ + 1) < (σ − 1)τ∗

[(
a2 − 1

)
τ∗ − 1

]
Note that all of the various components are continuous in µf . So that result hold for large values of µf .
QED.

Proof of Proposition 6.

As shown in the Proof of Proposition 1, the equilibrium revenue of a foreign firm in industry j is:

r∗fj (ϕ) =

[
ϕ

ρ (1 + τj)

]σ−1

QjP
σ
j =

[
ϕ

ρ (1 + τj)

]σ−1

LwjPj
(
x∗dj
)σ−1

=
zLwj

(
x∗dj

)z
ϕσ−1

aba (1 + τj)
σ−1

Φ∗j

The total effect of foreign start-up costs on foreign revenue will be:

dr∗fj (ϕ)

dκfj
=
∂r∗fj (ϕ)

∂κfj
+
∂r∗fj (ϕ)

∂τ∗j

(
∂τ∗j
∂κfj

)
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Note that:

∂r∗fj (ϕ)

∂κfj
=

zLwjϕ
σ−1

aba (1 + τj)
σ−1

Φ∗jz
(
x∗dj

)z−1 ( ∂x∗dj
∂κfj

)
−
(
x∗dj

)z ( ∂Φ∗j
∂κfj

)
(
Φ∗j
)2


=

zLwjϕ
σ−1

aba (1 + τj)
σ−1 (

Φ∗j
)2
[

Φ∗jz
(
x∗dj
)z−1

(
x∗dj
aΦ∗j

)(
∂Φ∗j
∂κfj

)
−
(
x∗dj
)z ( ∂Φ∗j

∂κfj

)]

=
zLwjϕ

σ−1
(
x∗dj

)z
aba (1 + τj)

σ−1 (
Φ∗j
)2 (z − aa

)(
∂Φ∗j
∂κfj

)
= −

zLwjϕ
σ−1

(
x∗dj

)z
aba (1 + τj)

σ−1 (
Φ∗j
)2 (σ − 1

a

)(
∂Φ∗j
∂κfj

)
where:

∂Φ∗j
∂κfj

= −z (1 + τj)
−a
[
ηz−1

2j

(
∂η2j

∂κfj

)
+ ηz−1

3j

(
∂η3j

∂κfj

)]
< 0 ⇒

∂r∗fj (ϕ)

∂κfj
> 0

Also:

∂r∗fj (ϕ)

∂τj
=

zLwjϕ
σ−1

aba


(1 + τj)

σ−1
Φ∗jz

(
x∗dj

)z−1 (∂x∗dj
∂τj

)
−
(
x∗dj

)z [
(1 + τj)

σ−1
(
∂Φ∗j
∂τj

)
+ (σ − 1) (1 + τj)

σ−2
Φ∗j

]
(1 + τj)

2(σ−1) (
Φ∗j
)2


=

zLwjϕ
σ−1

aba (1 + τj)
σ (

Φ∗j
)2
{

(1 + τj) Φ∗jz
(
x∗dj
)z−1

(
x∗dj
aΦ∗j

)(
∂Φ∗j
∂τj

)
−
(
x∗dj
)z [

(1 + τj)

(
∂Φ∗j
∂τj

)
+ (σ − 1) Φ∗j

]}

=
zLwjϕ

σ−1
(
x∗dj

)z
aba (1 + τj)

σ (
Φ∗j
)2 [(1 + τj)

(
z − a
a

)(
∂Φ∗j
∂τj

)
− (σ − 1) Φ∗j

]

= −
z (σ − 1)Lwjϕ

σ−1
(
x∗dj

)z
aba (1 + τj)

σ (
Φ∗j
)2 [(

1 + τj
a

)(
∂Φ∗j
∂τj

)
+ Φ∗j

]

= −
z (σ − 1)Lwjϕ

σ−1
(
x∗dj

)z
aba (1 + τj)

σ (
Φ∗j
)2 [

Φ∗j − (1 + τj)
−a (

η−z2j + η−z3j

)]

= −
z (σ − 1)Lwjϕ

σ−1
(
1 + η−z1j

) (
x∗dj

)z
aba (1 + τj)

σ (
Φ∗j
)2 < 0

Finally, by the Proof of Proposition 4:
∂τ∗j
∂κfj

< 0. So
dr∗fj(ϕ)

dκfj
> 0. QED

16



2 Model Extensions

Section 3.4 of the paper discussed two model extensions:

• Weighted government objective function: the host government trades-off the direct benefits it
receives from its takings against the indirect impact of these takings on consumer welfare

• Domestic and foreign takings: the host government can take from both domestic and foreign firms

We provide each of these model extensions in turn.

A. Weighted government objective function

Recall that consumer welfare is:

U =

1−
∑
j=1

wj

 log v0 +
∑
j=1

wj logQj

And total government takings from foreign firms are:

W =

J∑
j=0

τjQfj (τj)

Suppose that the government’s objective function is:

V (τ) = ∆W + (1−∆)U

Note that the proofs of Propositions 1 and 2 continue to hold.

Note that for j = 1, . . . , J :
∂U

∂τj
=
wj
Qj

(
∂Qj
∂τj

)
And in equilibrium:

wjL = Lj = Rj = PjQj ⇔ Qj =
wjL

Pj

So it must be true that:
∂Qj
∂τj

= −wjL
P 2
j

(
∂Pj
∂τj

)
where:

∂Pj
∂τj

=
−Pj
aΦj

(
∂Φj
∂τj

)
This implies that:

∂Qj
∂τj

=
Qj
aΦj

(
∂Φj
∂τj

)
< 0 ⇒ ∂U

∂τj
=

wj
aΦj

(
∂Φj
∂τj

)
< 0

So when the government places more weight on consumer welfare, it extracts less from foreign firms.
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Now:
∂V (τ)

∂τj
= ∆

∂W

∂τj
+ (1−∆)

wj
aΦj

(
∂Φj
∂τj

)
Note that as ∆ → 0, the optimal takings rate become τj = 0. However, when ∆ is sufficiently large,
Propositions 3–6 continue to hold.

B. Domestic and foreign takings

Suppose that the host government can take from both domestic and foreign firms. Suppressing industry
notation, let τd denote the domestic takings rate, and τf denote the foreign takings rate.

Proof of Proposition B1.

B1.1 Consumer Demand

All components from this section of the proof of Proposition 1 continue to hold.

B1.2 Production

Let the wage be 1, which represents one unit of the numeraire good, which is the unique good produced
in industry j = 0. To simplify notation, we suppress industry notation.

To make an output of qi units for i ∈ {d, f}, an i-firm must use labor, qi(1+τi)
ϕ , where ϕ is the firm’s

productivity. Let c denote the fixed per period cost of production (in terms of labor). By using the
demand function from above (and suppressing the industry notation), we can see that the per period
profit from production by an i-firm is:

πi (ϕ) = pi (ϕ) qi (ϕ)−
[
qi (ϕ) (1 + τi)

ϕ
+ c

]
= pi (ϕ)

1−σ
QPσ −

[
pi (ϕ)

−σ
QPσ (1 + τi)

ϕ
+ c

]
Profit maximization by an i-firm yields:

∂πi (ϕ)

∂pi
= (1− σ) pi (ϕ)

−σ
QPσ + σ

[
pi (ϕ)

−σ−1
QPσ (1 + τi)

ϕ

]
= 0

⇔ pi (ϕ) =
ρ (1 + τi)

ϕ
where: ρ =

σ

σ − 1

This yields revenue:

ri (ϕ) =

[
ϕ

ρ (1 + τi)

]σ−1

QPσ

and profit:

πi (ϕ) =

[
ϕ

ρ (1 + τi)

]σ−1

QPσ −


[

ϕ
ρ(1+τi)

]σ
QPσ (1 + τi)

ϕ
+ c


=

[
ϕ

ρ (1 + τi)

]σ−1

QPσ
(

1− 1

ρ

)
− c =

ri (ϕ)

σ
− c

***
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Therefore, conditional on being in the market, optimal production by an i-firm in industry j yields:

p∗ij (ϕ) =
ρ (1 + τij)

ϕ
and q∗ij (ϕ) =

[
ϕ

ρ (1 + τij)

]σ
QjP

σ
j and r∗ij (ϕ) =

[
ϕ

ρ (1 + τij)

]σ−1

QjP
σ
j

This yields i-firm firm profit in industry j:

π∗ij (ϕ) = φijϕ
σ−1 − c where: φij ≡

QjP
σ
j

σρσ−1 (1 + τij)
σ−1 > 0

B1.3 Firm Entry and Exit

All components from this section of the proof of Proposition 1 continue to hold.

B1.4 Weighted Average Productivity

All components from this section of the proof of Proposition 1 continue to hold.

1.5 Continuation Values and Free Entry

All components from this section of the proof of Proposition 1 continue to hold.

B1.6 Zero Profit Conditions

We continue to suppress industry subscripts to simplify notation.

Because “in” firms are indifferent about whether to exit at cutpoint xi, and “out” firms are indifferent
about whether to enter at cutpoint yi, we have four zero profit conditions for each industry:

π∗i (xi) = µiκi − δΨi

π∗i (yi) = κi − δΨi for: i ∈ {d, f}

Define αi ≡ c− δΨi. The zero profit conditions imply that for i ∈ {d, f}:

r∗i (xi) = σ (µiκi + αi)

r∗i (yi) = σ (κi + αi)

Note that:

r∗d (xd)

r∗d (yd)
=

[
xd

ρ(1+τd)

]σ−1

QPσ[
yd

ρ(1+τd)

]σ−1

QPσ
=

(
xd
yd

)σ−1

=
σ (µdκd + αd)

σ (κd + αd)
⇔ yd = xd

(
κd + αd
µdκd + αd

) 1
σ−1

And:

r∗d (xd)

r∗f (xf )
=

[
xd

ρ(1+τd)

]σ−1

QPσ[
xf

ρ(1+τf )

]σ−1

QPσ
=

[
xd (1 + τf )

xf (1 + τd)

]σ−1

=
σ (µdκd + αd)

σ (µfκf + αf )
⇔ xf = xd

(
1 + τf
1 + τd

)(
µfκf + αf
µdκd + αd

) 1
σ−1

And:

r∗d (xd)

r∗f (yf )
=

[
xd

ρ(1+τd)

]σ−1

QPσ[
yf

ρ(1+τf )

]σ−1

QPσ
=

[
xd (1 + τf )

yf (1 + τd)

]σ−1

=
σ (µdκd + αd)

σ (κf + αf )
⇔ yf = xd

(
1 + τf
1 + τd

)(
κf + αf
µdκd + αd

) 1
σ−1
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So for each industry j = 1, . . . , J , the cutpoints (ydj , xfj , yfj) can all be expressed in terms of variable
xdj :

ydj (xdj) = η1jxdj where: η1j ≡
(

κdj + αdj
µdjκdj + αdj

) 1
σ−1

xfj (xdj) = η2jTjxdj where: η2j ≡
(
µfjκfj + αfj
µdjκdj + αdj

) 1
σ−1

and Tj ≡
1 + τfj
1 + τdj

yfj (xdj) = η3jTjxdj where: η3j ≡
(

κfj + αfj
µdjκdj + αdj

) 1
σ−1

and Tj ≡
1 + τfj
1 + τdj

B1.7 Firm Masses

All components from this section of the proof of Proposition 1 continue to hold.

B1.8 Labor Market Clearing

All components from this section of the proof of Proposition 1 continue to hold.

1.9 Equilibrium Characterization under the Pareto Distribution

Suppose that types are chosen according to the Pareto distribution, iid over time and players, with
domain ϕ ∼ [b,∞) for small b > 0 and shape parameter a > σ. The Pareto distribution has the following
attributes:

Density function: g (ϕ) =
aba

ϕa+1
for: ϕ ≥ b

Distribution function: G (y) = Pr (ϕ ≤ y) = 1−
(
b

y

)a
for: y ≥ b

Define z ≡ a− σ + 1. Note that under the Pareto distribution, for x ≥ b:
∞̂

x

ϕσ−1dG (ϕ) =

∞̂

x

ϕσ−1

(
aba

ϕa+1

)
dϕ = aba

∞̂

x

ϕσ−a−2dϕ

= aba lim
t→∞

tˆ

x

ϕσ−a−2dϕ = aba lim
t→∞

[
ϕσ−a−1

σ − a− 1

]t
x

= −ab
a

z
lim
t→∞

[
1

tz
− 1

xz

]

=
aba

z

(
1

xz

)
=
aba

z
x−z

Recall that for each industry j = 1, . . . , J , each set of cutpoints for equilibrium behavior can be expressed
in terms of the cutpoint xdj . Equilibrium behavior in industry j is therefore defined by the function:

π∗dj (xdj) = φdjx
σ−1
dj − c = µdjκdj − δΨdj

where:

φdj =
QjP

σ
j

σρσ−1 (1 + τdj)
σ−1 =

RjP
σ−1
j

σρσ−1 (1 + τdj)
σ−1 =

LwjP
σ−1
j

σρσ−1 (1 + τdj)
σ−1
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The equilibrium price index is:

Pj (xdj) =


∞̂

xdj

[
ρ (1 + τdj)

ϕ

]1−σ

dG (ϕ) +

∞̂

ydj

[
ρ (1 + τdj)

ϕ

]1−σ

dG (ϕ)

+

∞̂

xfj

[
ρ (1 + τfj)

ϕ

]1−σ

dG (ϕ) +

∞̂

yfj

[
ρ (1 + τfj)

ϕ

]1−σ

dG (ϕ)


1

1−σ

= ρ

(1 + τdj)
1−σ

 ∞̂
xdj

ϕσ−1dG (ϕ) +

∞̂

η1jxdj

ϕσ−1dG (ϕ)



+ (1 + τfj)
1−σ

 ∞̂

η2jTjxdj

ϕσ−1dG (ϕ) +

∞̂

η3jTjxdj

ϕσ−1dG (ϕ)




1
1−σ

= ρ

{
(1 + τdj)

1−σ
[
aba

z
x−zdj +

aba

z
(η1jxdj)

−z
]

+ (1 + τfj)
1−σ

[
aba

z
(η2jTjxdj)

−z
+
aba

z
(η3jTjxdj)

−z
]} 1

1−σ

= ρ (1 + τdj)

(
zxzdj
abaΦj

) 1
σ−1

where: Φj ≡ 1 + η−z1j + T−aj
(
η−z2j + η−z3j

)
And:

Pj (xdj)
σ−1

=
ρσ−1z (1 + τdj)

σ−1
xzdj

abaΦj

So the best response function is:

π∗dj (xdj) =

[
LwjP

σ−1
j

σρσ−1 (1 + τdj)
σ−1

]
xσ−1
dj − c = µdjκdj − δΨdj

⇔
(
Lwj
σρσ−1

)(
ρσ−1z

abaΦj

)
xadj = µdjκdj + αdj

⇔ xadj =

(
abaσ

zLwj

)
(µdjκdj + αdj) Φj

⇔ x∗dj = ψjΦ
1
a
j where: ψj ≡

[
abaσ

zLwj
(µdjκdj + αdj)

] 1
a

QED.

Proof of Proposition B2.

The average weighted productivity of (ij)-firms in any given period is:

ϕ̃ij =

 1

1−G (xij) + 1−G (yij)

 ∞̂
xij

ϕσ−1g (ϕ) dϕ+

∞̂

yij

ϕσ−1g (ϕ) dϕ




1
σ−1

Under the Pareto distribution:

ϕ̃ij =

 1(
b
xij

)a
+
(

b
yij

)a [abaz x−zij +
aba

z
y−zij

]
1

σ−1

=

[
a
(
x−zij + y−zij

)
z
(
x−aij + y−aij

)] 1
σ−1
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We now suppress the industry subscript to simplify notation. For foreign firms:

ϕ̃f =

a
(
x−zf + y−zf

)
z
(
x−af + y−af

)


1
σ−1

=

a
[
(η2Txd)

−z
+ (η3Txd)

−z
]

z
[
(η2Txd)

−a
+ (η3Txd)

−a
]


1
σ−1

=

[
a
(
η−z2 + η−z3

)
T−zx−zd

z
(
η−a2 + η−a3

)
T−ax−ad

] 1
σ−1

=

[
a
(
η−z2 + η−z3

)
Tσ−1xσ−1

d

z
(
η−a2 + η−a3

) ] 1
σ−1

= νTxdH where: ν ≡
(a
z

) 1
σ−1

and H ≡
(
η−z2 + η−z3

η−a2 + η−a3

) 1
σ−1

Note that:

∂x∗d
∂τf

=
ψ

a
Φ

1
a−1

(
∂Φ

∂τf

)
=
x∗d
aΦ

[
− a

(1 + τd)T a+1

(
η−z2 + η−z3

)]
= −

x∗d
(
η−z2 + η−z3

)
(1 + τd)T a+1Φ

< 0

So:

∂ϕ̃f
∂τf

= νH

[
T
∂xd
∂τf

+ xd
∂T

∂τf

]
= νH

[
xd

1 + τd
−
xd
(
η−z2 + η−z3

)
(1 + τd)T aΦ

]

=
νHxd

(1 + τd) Φ

[
Φ− T−a

(
η−z2 + η−z3

)]
=
ν
(
1 + η−z1

)
Hxd

(1 + τd) Φ
> 0

For domestic firms:

ϕ̃d =

[
a
(
x−zd + y−zd

)
z
(
x−ad + y−ad

)] 1
σ−1

=

a
(
x−zd + (η1xd)

−z
)

z
(
x−ad + (η1xd)

−a
)


1
σ−1

=

[
a
(
1 + η−z1

)
x−zd

z
(
1 + η−a1

)
x−ad

] 1
σ−1

=

[
a
(
1 + η−z1

)
xσ−1
d

z
(
1 + η−a1

) ] 1
σ−1

=

[
a
(
1 + η−z1

)
z
(
1 + η−a1

)] 1
σ−1

xd

And:

∂ϕ̃d
∂τf

=

[
a
(
1 + η−z1

)
z
(
1 + η−a1

)] 1
σ−1

∂xd
∂τf

< 0

QED.

Proof of Proposition B3.

Firm-level production by an ij-firm is:

qij (ϕ) =

[
ϕ

ρ (1 + τij)

]σ
QjP

σ
j
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So aggregate production by ij-firms is:

Qij (τij) =

∞̂

xij

qij (ϕ) g(ϕ)dϕ+

∞̂

yij

qij (ϕ) g(ϕ)dϕ

=
QjP

σ
j

ρσ (1 + τij)
σ

 ∞̂
xij

ϕσg(ϕ)dϕ+

∞̂

yij

ϕσg(ϕ)dϕ


=

RjP
σ−1
j

ρσ (1 + τij)
σ

[
aba

z − 1
x1−z
ij +

aba

z − 1
y1−z
ij

]
=

Lwj
ρσ (1 + τij)

σ

[
ρσ−1z (1 + τdj)

σ−1
xzdj

abaΦj

](
aba

z − 1

)(
x1−z
ij + y1−z

ij

)
=

zLwj (1 + τdj)
σ−1

(z − 1) ρ (1 + τij)
σ

Φj
xzdj
(
x1−z
ij + y1−z

ij

)
So aggregate production by domestic firms in industry j is:

Qdj =
zLwj

(z − 1) ρ (1 + τdj) Φj
xzdj

[
x1−z
dj + (η1jxdj)

1−z
]

=
zLwj

(
1 + η1−z

1j

)
xdj

(z − 1) ρ (1 + τdj) Φj
=
zLwj

(
1 + η1−z

1j

)
ψjΦ

1−a
a

j

(z − 1) ρ (1 + τdj)

And aggregate production by foreign firms in industry j is:

Qfj =
zLwj (1 + τdj)

σ−1

(z − 1) ρ (1 + τfj)
σ

Φj
xzdj

[
(η2jTjxdj)

1−z
+ (η3jTjxdj)

1−z
]

=
zLwj

(
η1−z

2j + η1−z
3j

)
xdj

(z − 1) ρ (1 + τdj)T aj Φj
=
zLwj

(
η1−z

2j + η1−z
3j

)
ψjΦ

1−a
a

j

(z − 1) ρ (1 + τdj)T aj

The government’s objective function is:

W =

J∑
j=0

(τdjQdj + τfjQfj)

So the first-order condition on foreign takings is:

∂W

∂τfj
= τdj

∂Qdj
∂τfj

+ τfj
∂Qfj
∂τfj

+Qfj = 0

We can now suppress industry subscripts to examine the components of the first-order condition.

∂Qd
∂τf

=

[
zLw

(
1 + η1−z

1

)
ψ

(z − 1) ρ (1 + τd)

](
1− a
a

)
Φ

1−2a
a

(
∂Φ

∂τf

)

=

[
zLw

(
1 + η1−z

1

)
ψ

(z − 1) ρ (1 + τd)

](
1− a
a

)
Φ

1−2a
a

[
−
a
(
η−z2 + η−z3

)
(1 + τd)T a+1

]

=

[
zLw

(
1 + η1−z

1

)
(z − 1) ρ (1 + τd)

][
(a− 1)

(
η−z2 + η−z3

)
xd

(1 + τd)T a+1Φ2

]
> 0
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And:

∂Qf
∂τf

=

[
zLw

(
η1−z

2 + η1−z
3

)
ψ

(z − 1) ρ (1 + τd)

] [
T−a

(
1− a
a

)
Φ

1−2a
a

(
∂Φ

∂τf

)
− a

(1 + τd)T a+1
Φ

1−a
a

]

=

[
zLw

(
η1−z

2 + η1−z
3

)
ψ

(z − 1) ρ (1 + τd)

]{
T−a

(
1− a
a

)
Φ

1−2a
a

[
−
a
(
η−z2 + η−z3

)
(1 + τd)T a+1

]
− a

(1 + τd)T a+1
Φ

1−a
a

}

=

[
zLw

(
η1−z

2 + η1−z
3

)
(z − 1) ρ (1 + τd)

] [
xd

(1 + τd)T a+1Φ2

] [
(a− 1)T−a

(
η−z2 + η−z3

)
− aΦ

]
= −

[
zLw

(
η1−z

2 + η1−z
3

)
(z − 1) ρ (1 + τd)

] [
xd

(1 + τd)T a+1Φ2

] [
a
(
1 + η−z1

)
+ T−a

(
η−z2 + η−z3

)]
< 0

So the FOC becomes:

∂W

∂τf
= τd

[
zLw

(
1 + η1−z

1

)
(z − 1) ρ (1 + τd)

][
(a− 1)

(
η−z2 + η−z3

)
xd

(1 + τd)T a+1Φ2

]

− τf

[
zLw

(
η1−z

2 + η1−z
3

)
(z − 1) ρ (1 + τd)

] [
xd

(1 + τd)T a+1Φ2

] [
a
(
1 + η−z1

)
+ T−a

(
η−z2 + η−z3

)]
+
zLw

(
η1−z

2 + η1−z
3

)
xd

(z − 1) ρ (1 + τd)T aΦ
= 0

Note that ∂W
∂τf
≥ 0 iff:

Γ (τf ) ≡ (a− 1) τd
(
1 + η1−z

1

) (
η−z2 + η−z3

)
+ (1 + τf − τfa)

(
1 + η−z1

) (
η1−z

2 + η1−z
3

)
+ T−a

(
η−z2 + η−z3

) (
η1−z

2 + η1−z
3

)
≥ 0

Note that:

∂Γ (τf )

∂τf
= − (a− 1)

(
1 + η−z1

) (
η1−z

2 + η1−z
3

)
− a

(1 + τd)T a+1

(
η−z2 + η−z3

) (
η1−z

2 + η1−z
3

)
< 0

Γ (τf = 0) = (a− 1) τd
(
1 + η1−z

1

) (
η−z2 + η−z3

)
+
(
1 + η−z1

) (
η1−z

2 + η1−z
3

)
+ (1 + τd)

a (
η−z2 + η−z3

) (
η1−z

2 + η1−z
3

)
> 0

lim
τf→∞

Γ (τf ) = lim
τf→∞

[
−τf (a− 1)

(
1 + η−z1

) (
η1−z

2 + η1−z
3

)]
= −∞ < 0

So by the intermediate value theorem, there exists a unique optimal foreign taking, τ∗f > 0.

So the political equilibrium for a given industry is characterized by the implicitly defined variable τ∗f ,
where τ∗f solves:

Γ
(
τ∗f
)

= (a− 1) τd
(
1 + η1−z

1

) (
η−z2 + η−z3

)
+
(
1 + τ∗f − τ∗f a

) (
1 + η−z1

) (
η1−z

2 + η1−z
3

)
+ (T ∗)

−a (
η−z2 + η−z3

) (
η1−z

2 + η1−z
3

)
= 0

This solution in turn determines the equilibrium cutpoints,
(
x∗d, y

∗
d, x
∗
f , y
∗
f

)
.

QED.

Proof of Proposition B4 (holds for large µf for small τd).
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To simplify notation, we suppress industry subscripts. Recall from the Proof of Proposition 3 that the
equilibrium taking rate solves:

Γ
(
τ∗f
)
≡ (a− 1) τd

(
1 + η1−z

1

) (
η−z2 + η−z3

)
+
(
1 + τ∗f − τ∗f a

) (
1 + η−z1

) (
η1−z

2 + η1−z
3

)
+ (T ∗)

−a (
η−z2 + η−z3

) (
η1−z

2 + η1−z
3

)
= 0

So by the implicit function theorem, for any exogenous variable y:

∂τ∗f
∂y

=
−Γy
Γτ∗f

And:

Γτ∗f = −

[
(a− 1)

(
1 + η−z1

)
+

a

1 + τ∗f
(T ∗)

−a (
η−z2 + η−z3

)] (
η1−z

2 + η1−z
3

)
< 0

Define:

φ (−z) ≡
∂
(
η−z2 + η−z3

)
∂κf

= −zη−z−1
2

(
∂η2

∂κf

)
− zη−z−1

3

(
∂η3

∂κf

)
= −

(
z

σ − 1

)[
µfη

−z
2

µfκf + αf
+

η−z3

κf + αf

]
< 0

Then:

Γκf = (a− 1) τd
(
1 + η1−z

1

)
φ (−z) +

(
1 + τ∗f − τ∗f a

) (
1 + η−z1

)
φ (1− z)

+ (T ∗)
−a (

η−z2 + η−z3

)
φ (1− z) + (T ∗)

−a (
η1−z

2 + η1−z
3

)
φ (−z)

Note that:

Γ
(
τ∗f
)

= 0⇔
(
1 + τ∗f − τ∗f a

) (
1 + η−z1

)
= − (a− 1) τd

(
1 + η1−z

1

)( η−z2 + η−z3

η1−z
2 + η1−z

3

)
− (T ∗)

−a (
η−z2 + η−z3

)
So:

Γκf = (a− 1) τd
(
1 + η1−z

1

) [
φ (−z)−

(
η−z2 + η−z3

η1−z
2 + η1−z

3

)
φ (1− z)

]
+ (T ∗)

−a (
η1−z

2 + η1−z
3

)
φ (−z)

Domestic tax: Note that Γκf is continuous in τd and:

Γκf (τd = 0) = (T ∗)
−a (

η1−z
2 + η1−z

3

)
φ (−z) < 0

So for small τd, Γκf < 0, which implies that
∂τ∗f
∂κf

< 0.

Foreign mobility: Similarly, note that Γκf is continuous in µf and define:

η̂ ≡ η3 = lim
µf→1

η2 =

(
κf + αf
µdκd + αd

) 1
σ−1

Note that:

lim
µf→1

φ (−z) = −
z limµf→1

(
η−z2 + η−z3

)
(σ − 1) (κf + αf )

= − 2zη̂−z

(σ − 1) (κf + αf )
< 0

And

lim
µf→1

Γκf = (a− 1) τd
(
1 + η1−z

1

) [( 2η̂−z

2η̂1−z

)
2 (z − 1) η̂1−z

(σ − 1) (κf + αf )
− 2zη̂−z

(σ − 1) (κf + αf )

]
− 2 (T ∗)

−a
η̂1−z

[
2zη̂−z

(σ − 1) (κf + αf )

]

=
−2
[
(a− 1) τd

(
1 + η1−z

1

)
+ 2z (T ∗)

−a
η̂1−z

]
η̂−z

(σ − 1) (κf + αf )
< 0
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So for large µf , Γκf < 0, which implies that
∂τ∗f
∂κf

< 0.

QED.

Proof of Proposition B5 (holds for large µf or small τd).

We suppress industry notation. As shown in the Proof for Proposition 2, the average weighted produc-
tivity for foreign firms in any given period is:

ϕ̃f = νTxdH where: ν ≡
(a
z

) 1
σ−1

and H ≡
(
η−z2 + η−z3

η−a2 + η−a3

) 1
σ−1

Define:

η̂ ≡ η3 = lim
µf→1

η2 =

(
κf + αf
µdκd + αd

) 1
σ−1

⇒ lim
µf→1

Φ∗ = 1 + η−z1 + 2 (T ∗)
−a
η̂−z ≡ Φ̂ > 0

Define:

φ (−z) ≡
∂
(
η−z2 + η−z3

)
∂κf

= −zη−z−1
2

(
∂η2

∂κf

)
− zη−z−1

3

(
∂η3

∂κf

)
= −

(
z

σ − 1

)[
µfη

−z
2

µfκf + αf
+

η−z3

κf + αf

]
< 0

⇒ lim
µf→1

φ (−z) = −
z limµf→1

(
η−z2 + η−z3

)
(σ − 1) (κf + αf )

= − 2zη̂−z

(σ − 1) (κf + αf )
< 0

The total effect of foreign start-up costs on ϕ̃f is:

dϕ̃f
dκf

=
∂ϕ̃f
∂κf

+

(
∂ϕ̃f
∂τ∗f

)(
∂τ∗f
∂κf

)

Note that:

∂x∗d
∂κf

=
ψ

a
(Φ∗)

1
a−1

(
∂Φ∗

∂κf

)
=

x∗dφ(−z)
a (T ∗)

a
Φ∗

∂x∗d
∂τ∗f

=
ψ

a
(Φ∗)

1
a−1

(
∂Φ∗

∂τ∗f

)
=
−x∗d

(
η−z2 + η−z3

)
(1 + τd) (T ∗)

a+1
Φ∗

Then:

∂ϕ̃f
∂κf

= νT ∗
[
x∗d

(
∂H

∂κf

)
+

(
∂x∗d
∂κf

)
H

]
=

νx∗d
a (T ∗)

a−1
Φ∗

[
a (T ∗)

a
Φ∗
(
∂H

∂κf

)
+ φ(−z)H

]
where:

∂H

∂κf
=

1

σ − 1

(
η−z2 + η−z3

η−a2 + η−a3

) 1
σ−1−1

[(
η−a2 + η−a3

)
φ (−z)−

(
η−z2 + η−z3

)
φ (−a)(

η−a2 + η−a3

)2
]

=
H

σ − 1

[(
η−a2 + η−a3

)
φ (−z)−

(
η−z2 + η−z3

)
φ (−a)(

η−a2 + η−a3

) (
η−z2 + η−z3

) ]

Note that
∂ϕ̃f
∂κf

is continuous in µf . Also:

26



lim
µf→1

H =

(
2η̂−z

2η̂−a

) 1
σ−1

=
(
η̂σ−1

) 1
σ−1 = η̂

lim
µf→1

∂H

∂κf
=

limµf→1H

σ − 1

[
2η̂−a × limµf→1 φ (−z)− 2η̂−z × limµf→1 φ (−a)

4η̂−a−z

]

=
η̂

σ − 1

 4aη̂−a−z

(σ−1)(κf+αf ) −
4zη̂−a−z

(σ−1)(κf+αf )

4η̂−a−z

 =
η̂

(σ − 1) (κf + αf )

lim
µf→1

∂ϕ̃f
∂κf

=
νx∗d

a (T ∗)
a−1 × limµf→1 Φ∗

[
a (T ∗)

a × lim
µf→1

Φ∗ ×
(

lim
µf→1

∂H

∂κf

)
+ lim
µf→1

φ(−z)× lim
µf→1

H

]

=
νx∗d

a (T ∗)
a−1

Φ̂

[
a (T ∗)

a
Φ̂η̂

(σ − 1) (κf + αf )
− 2zη̂1−z

(σ − 1) (κf + αf )

]

=
νx∗dη̂

a (σ − 1) (κf + αf ) (T ∗)
a−1

Φ̂

[
a (T ∗)

a (
1 + η−z1

)
+ 2 (σ − 1) η̂−z

]
> 0

And:

∂ϕ̃f
∂τ∗f

= νH

[
T ∗

(
∂x∗d
∂τ∗f

)
+

x∗d
1 + τd

]
=

νHx∗d
(1 + τd) (T ∗)

a
Φ∗
[
(T ∗)

a
Φ∗ −

(
η−z2 + η−z3

)]
=

νH
(
1 + η−z1

)
x∗d

(1 + τd) Φ∗
> 0

And by the Proof of Proposition 4,
∂τ∗f
∂κf

< 0 for small τd or large µf . So
dϕ̃f
dκf

> 0 for small τd or large µf .

Proof of Proposition B6 (holds for large µf or small τd).

We suppress industry notation. As shown in the Proof of Proposition 1, the equilibrium revenue of a
foreign firm is:

r∗f (ϕ) =

[
ϕ

ρ (1 + τf )

]σ−1

QPσ =

[
ϕ

ρ (1 + τf )

]σ−1

LwP (x∗d)
σ−1

=
zLw (x∗d)

z
ϕσ−1

aba (T ∗)
σ−1

Φ∗

The total effect of foreign start-up costs on foreign revenue will be:

dr∗f (ϕ)

dκf
=
∂r∗f (ϕ)

∂κf
+
∂r∗f (ϕ)

∂τ∗f

(
∂τ∗f
∂κf

)
Note that:

∂r∗f (ϕ)

∂κf
=

zLwϕσ−1

aba (T ∗)
σ−1

Φ∗z (x∗d)
z−1

(
∂x∗d
∂κf

)
− (x∗d)

z
(
∂Φ∗

∂κf

)
(Φ∗)

2


=

zLwϕσ−1

aba (T ∗)
σ−1

(Φ∗)
2

[
Φ∗z (x∗d)

z−1

(
x∗d
aΦ∗

)(
∂Φ∗

∂κf

)
− (x∗d)

z

(
∂Φ∗

∂κf

)]
−zLwϕσ−1 (x∗d)

z

aba (T ∗)
σ−1

(Φ∗)
2

(
σ − 1

a

)(
∂Φ∗

∂κf

)
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where:
∂Φ∗

∂κf
= −z (T ∗)

−a
[
ηz−1

2

(
∂η2

∂κf

)
+ ηz−1

3

(
∂η3

∂κf

)]
< 0 ⇒

∂r∗f (ϕ)

∂κf
> 0

Also:

∂r∗f (ϕ)

∂τ∗f
=

zLwϕσ−1

aba

 (T ∗)
σ−1

Φ∗z (x∗d)
z−1

(
∂x∗d
∂τf

)
− (x∗d)

z
[
(T ∗)

σ−1
(
∂Φ∗

∂τf

)
+ (σ−1)(T∗)σ−2Φ∗

1+τd

]
(T ∗)

2(σ−1)
(Φ∗)

2


=
−z (σ − 1)Lw (x∗d)

z
ϕσ−1

aba

[
Φ∗ − (T ∗)

−a (
η−z2 + η−z3

)
(1 + τd) (T ∗)

σ
(Φ∗)

2

]

=
−z (σ − 1)Lw

(
1 + η−z1

)
(x∗d)

z
ϕσ−1

aba (1 + τd) (T ∗)
σ

(Φ∗)
2 < 0

And by the Proof of Proposition 4,
∂τ∗f
∂κf

< 0 for small τd or large µf . So
dr∗f (ϕ)

dκf
> 0 small τd or large µf .

QED.
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